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The problem

An experiment measures values of x € [0, 1].
The PDFs for background and signal events
are:

f(x|b) = 3x’

fixIs) = 3(1 — )’

We'll consider the following hypothesis
- Hp : (b) 100 bkg expected
- Hy: (b+s) 100 bkg + 10 sig expected
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Analysis 1: basic cut

- Set xct to select the signal events

- The number of observed events ngps g 3001
with x < xcut follows a poissonian with -
mean b +s 250
- The p-value of the background-only 200:_
hypothesis -
150/
p = P(n > Nops|Ho)
100
measures the significance of an i
observation. For example with b = 0.5 ol
and Nops =3 7z ....|....|....|....|....|....
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Analysis 1: basic cut

The expected (median) significance of 7 _1°°§
the test of the null (Ho) hypothesis, as- N85 Hoo T
suming the H; hypothesis as true, is a £ | 8o
R 3H| ]
measure of sensitivity. f 70
To a good approximation (Wilks theorem): 25 _;60
—50
s 2 ]
med|[Zp|Hq] = \/2 [(s +b)log(1+ =) —s — med[Z Is+b] 40
b 15k — s/l 0
. . ]
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Analysis 2: unbinned data

We try to use now a test that takes into account each single measured x; with i =1,...,n

Ly, = P(n,x|Ho) = ‘Bfo\b

B+

_ _ ) 1TSS ¢y, B o
L= ) = CPEe O [ 2ot + 5 i

1

n:

Where B and S are the total number of expected bkg and signal events. We are interested
in the ratio Ly, /Ly,, some algebra gives:

i )

Ly,
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Analysis 2: unbinned data

We are interested in the ratio Ly, /Ly, Some algebra gives:

Ly, . S f(xils)
~11 3

Ly,

Therefore, the following test can be adopted:

= —2Z|o [1 + 2 i)ﬂ
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Analysis 2: unbinned data

1. Generate 2N experiments (H, and H;)

2. compute g — histogram

3. compute the fraction of g values,
assuming Hy true, with g < med[qg|H1]

This is the median p-value of the 10°
background-only hypothesis assuming
10?
Hq true
med p-value
10 5.51(’;‘7
1
med|[p|Hi] ~55.10"" (50) - ',1|00' . .4;0. . .7g0. 7‘|‘0. . Léo' . .qo
med[qIH‘]
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[Extra] Analysis 3: binned data

We now histogram the data in N bins. This leads to the following likelihood function:

n
usi+ b)) .
L(u) — | I 7( In.l ’) e (nsi+b;)
i=1 "

The following test statistics can be defined:

Go = —2log A(0)0() M) =

where o maximizes L(u). It can be shown (Wilks theorem) that:

11 1 %

7776_7—15(6] )_|_1 2
2 V2r Vo PRI

fqolHo) = 55(a0) + .
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[Extra] Analysis 3: Wilks theorem verification

We wrote a small program to compute

f(Qo|Ho): i
1. simulate experiment with 10° bkg-only
counts
103 [

2. find i minimizing — log L()

dN,
dqo

3. histogram values of g
4. check shape — OK! 107}

Julia code: 100 -
https://tinyurl.com/wilksth-jl

do
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